The stability of the kagome-ice insulator against the three dimensionality and the canting angle of the spin anisotropy axes is studied numerically using the exact diagonalization method. The kagome-ice insulator, which was recently found at 2/3 electron filling in the double-exchange model on a kagome lattice, is a Chern insulator showing a quantized Hall response despite the absence of magnetic longrange order. We find that this peculiar state remains stable when the lattice is extended to three dimensions in an anisotropic pyrochlore lattice in the weak interlayer coupling region. On the other hand, we show that the kagome-ice insulator is also stable against the change of the canting angle. Furthermore, we find another kagome-ice insulator at 1/3 filling in a different range of the canting angle. Our results indicate that the quantum anomalous Hall response is widely observed in the variants of the kagome-ice double-exchange systems.
Introduction
Competing interactions in geometrically frustrated magnets often give rise to the development of a peculiar local spin correlation at low temperatures. A representative example is the two-in two-out spin configuration in each tetrahedron in pyrochlore spin ice [1, 2] . In the spin ice, the ferromagnetic nearest-neighbor (NN) interaction between the Ising-like moments with the local [111] anisotropy gives rise to the two-in two-out local correlation, which is called the ice rule, and the geometry of the pyrochlore lattice leads to the suppression of the long-range ordering. Such correlated liquid-like states have been a matter of intense studies as they are the source of interesting properties in frustrated magnets, such as macroscopic degeneracy with residual entropy and a characteristic power-law spin correlation [3, 4] .
When such locally correlated spins are coupled to itinerant electrons, the scattering of the itinerant electrons by the correlated localized moments strongly affects the electronic state. For instance, extended Falicov-Kimball models on frustrated lattices show non-Fermi liquid behavior [6] and peculiar metal-insulator transition [7] . A related study was done on a frustrated double-exchange (DE) model, focusing on the nature of loops emergent from local spin textures [8] . The scattering by correlated spin textures also gives rise to peculiar transport phenomena as well. It was recently reported that the development of the local correlation in spin-ice type models gives rise to a resistivity minimum [9, 10] and peculiar magnetic field dependence of the anomalous Hall effect [11] . The results were discussed in relation to the transport properties observed in Pr 2 Ir 2 O 7 [12] [13] [14] . Thus, such spin-charge interplay offers a fertile ground for exploring unconventional electronic and transport properties.
One of such interesting phenomena proposed recently is the kagome-ice insulator with quantum anomalous Hall response [15, 16] . The kagome-ice insulator appears in the DE model on a kagome lattice with localized Ising moments that correspond to the 111 kagome plane of the spin ice [see Fig. 1(a) ]. In this model, each Ising spin takes either of the two states, "in" or "out". When the Ising spins interact with each other only by the ferromagnetic NN interaction, the ground state remains disordered with macroscopic degeneracy, in which all the triangles obey one-in two-out or two-in oneout spin configurations [see Fig. 1(a) ]. An external magnetic field perpendicular to the plane partially lifts the degeneracy by enforcing the upward (downward) triangles to be two-in one-out (one-in twoout), but the ground state is still disordered [see the kagome planes in Fig. 1(b) ]. This state is called the kagome ice [17] [18] [19] . The peculiar spin texture in the kagome ice gives rise to a charge gap in the electronic structure at a commensurate 2/3 electron filling. This is the kagome-ice insulator. With the gap opening, the Hall conductivity, which is induced by the spin scalar chirality, becomes quantized at a nonzero integer value despite the absence of the magnetic order. The realization of the kagome-ice insulator at finite temperature was shown [15] . The localized state at a defect was also studied [16] .
Given the peculiar kagome-ice insulator, its stability against perturbations is of considerable interest. Especially, the effects of the three dimensionality (interlayer coupling) and the canting angle of the Ising spins are interesting from the experimental point of view. In this study, we numerically investigate these two effects on the kagome-ice insulator in the DE models by using the exact diagonalization method. We show that the kagome-ice insulator is stable for the weak interlayer coupling. On the other hand, the gap also remains robust against the change of the canting angle. We also find that another gap opens at 1/3 filling for the anisotropy axes closer to the collinear case.
Model and Method

Model
In Sec. 3.1, to investigate the stability of the kagome-ice insulator against the three dimensionality, we consider the DE model in the strong coupling limit [20, 21] on an anisotropic pyrochlore lattice in which the kagome layers are weakly coupled to the triangular layers between them [see Fig. 1(b) ]. The Hamiltonian is given by
where, c i (c † i ) is the annihilation (creation) operator of an itinerant electron at ith site, whose spin index is dropped as the spin is completely aligned parallel to the localized spin S i at each site. The sum i, j is taken over the NN intralayer bonds within the kagome lattices, and {i, j} is over the NN interlayer bonds connecting the triangular and kagome layers [see Fig. 1(b) ]. The transfer integrals for the intralayer and interlayer bonds are t and t ′ , respectively, both of which are modulated by the relative angle of neighboring Ising spins by a factor of τ ij = cos
The anisotropy axis of the localized spin depends on the sublattice, as in the spin ice. For the spins on the kagome plane,
) for the sublattice n s = 1, 2, 3 of the upward triangles [see Fig. 1(c) ]. On the other hand, the anisotropy axis of the spin on the triangular planes is perpendicular to the plane; S i = S(0, 0, ±1). We take S = 1 hereafter.
On the other hand, in Sec. 3.2, we consider the DE model on a kagome lattice,
where the sum is limited in a single layer of the kagome lattice. We study the stability of the kagomeice insulator against the canting angle θ of the anisotropy axis for the localized spins while fixing ϕ i [see Fig. 1(c) ].
In this study, we focus on the case in which the spin configuration for the localized moments satisfies the kagome-ice configuration, i.e., all the upward (downward) triangles in the kagome planes are in the two-in one-out (one-in two-out) configurations and the spins on the triangular lattice is ferromagnetically ordered parallel to the net magnetic moment of the kagome layers [see Fig. 1(b) ]. Hereafter, we set the energy unit t = 1, the length of Bravais lattice vector a = 1, and the Boltzmann constant k B = 1.
Numerical diagonalization
We numerically study the problem by taking a simple average (arithmetic mean) over different spin configurations in the kagome-ice manifold. For the single-layer model in Eq. (2), each spin configuration is generated by using the loop algorithm [22, 23] , starting from the q = 0 two-in one-out order. On the other hand, for the three-dimensional model in Eq. (1), we generate the spin configuration by using the loop algorithm, but limiting the path of the loops in each kagome plane; the spins on the triangular layers are fixed so that the spins are ferromagnetically aligned. We repeated sufficient numbers of loop updates so that the different spin configurations are statistically independent of each other. At each value of the interlayer coupling or canting angle, we calculate the electronic state for the itinerant electrons by numerical diagonalization for a given spin configuration, and take a simple average of the results over different spin configurations. The calculations were done for N k = 8 3 (N k = 12 2 ) sites of N = 4 × 6 3 (N = 3 × 12 2 ) supercell for the model in Eq. (1) (2)]. To estimate the size of charge gap, we calculated the energy differrence between the eigenenergies of the lowest-unoccupied and the highest-occupied states among different samples. The error bars for the gap size is estimated from the corrected sample standard deviation for different series of the spin configuration.
Results
Effect of interlayer coupling in the anisotropic pyrochlore lattice
Figure 2(a) shows the result of the density of states (DOS) calculated while varying t ′ /t. In the absence of the interlayer coupling t ′ /t = 0, two energy gaps are present at the energy around ε ∼ 1, which is separated into two by the flat band at ε = 1 [15, 16] . In the previous studies on the two-dimensional kagome lattice model, the electron filling just above the flat band corresponds to a commensurate value, n = the DOS consists of the contributions from the separated kagome planes and the isolated triangularlattice sites; the latter corresponds to another flat band at ε = 0. As a consequence, the electron filling at the energy gap just above the flat band at ε = 1 is n = 3/4 instead of n = 2/3.
The evolution of the size of energy gap at n = 3/4 with respect to t ′ /t is shown in Fig. 2(b) . As increasing t ′ , the energy gap shrinks and vanishes at t ′ /t ∼ 0.3. This result indicates that, though the gap is suppressed by t ′ , it persists up to t ′ /t ∼ 0.3. The enlarged view of the energy gap at ε ∼ 1 is also shown in the inset of Fig. 2(b) ; the arrows in the inset show Fermi levels for n = 3/4. By introducing t ′ , the flat band at ε = 1 in the t ′ = 0 limit is broadened and shifted toward a higher energy. At the same time, the gap shrinks and closes at t ′ /t ∼ 0.3; for larger t ′ /t, a pseudo-gap like structure remains up to t ′ /t ∼ 0.5. On the other hand, the energy gap below the flat band at ε = 1, where n ∼ 0.74 [24] , appears to be more robust than the gap at n = 3/4 and persists up to t ′ /t ∼ 0.4.
Effect of the canting angle
We next investigate the stability of the kagome-ice insulator with respect to the canting angle of the localized spins by considering the model in Eq. (2) . Figures 3(a) and 3(b) show the averaged DOS for itinerant electrons for different canting angles θ from collinear (θ = 0) to coplanar state (θ = π/2). π. At θ = π/2, the anisotropy axes for the localized moments are parallel to the kagome plane and the spins become coplanar; the model with coplanar axes was called the kagome spin ice [25] . The result in this limit shows no gap in the DOS, as shown in Fig. 3(a) .
When decreasing θ from π/2, the DOS shows an energy gap at n = 2/3, as found in the previous studies [15, 16] . The detailed evolution of the energy gap and an enlarged view of the DOS are shown in the main panel and the inset of Fig. 3(c) , respectively. Similar to the case in Sec. 3.1, two energy gaps appear above and below the flat band at ε = 1; the upper gap corresponds to the Fermi level for n = 2/3 and the lower to n ∼ 0.656 [24] . As seen in the inset of Fig. 3(c) , both of the charge gaps appear around θ ∼ On the other hand, in the region with a small θ, another energy gap appears at the Fermi level at n = 1/3, as shown in Fig. 3(b) . With decreasing θ from θ ∼ level at n = 1/3. The gap grows with decreasing θ with maxima around θ ∼ 0.175π. With further decreasing θ, the energy gap starts to shrink, and vanishes as it approaches θ → 0. The dependence of the energy gap on the canting angle θ is shown in Fig. 3(d) . The result indicates that the energy gap at n = 1/3 appears in the wide range of θ for π. At θ = 0, the system consists of the 1D loops of up spins and the isolated sites of down spin, as the transfer tτ ij = 0 between up and down spin sites. Hence, as shown in Fig. 3(b) , the DOS consists of the 1D-like electronic DOS from the up-spin loops and the flat band at ε = 0 from the down-spin sites; the spikes come from the finite size loops which give discrete energy levels.
Briefly summarizing, the evolution of the electronic DOS with respect to the canting angle θ shown here indicates that the kagome-ice insulating state at n = 2/3 is stable in a wide range of θ for 
Summary
To summarize, we studied the stability of the quantum Hall kagome-ice insulator in the doubleexchange model against the three dimensionality and the canting angle of the localized spins. In the fore half, we studied the effect of the interlayer coupling by considering an anisotropic pyrochlore lattice model. We showed that the kagome-ice insulator remains stable up to t ′ /t ∼ 0.3, where t (t ′ ) is the intra(inter)layer hopping. In the later half, we studied the stability of the kagome-ice insulator against the canting angle of the localized Ising spins. We showed that the kagome-ice insulator at n = 2/3 is stable in the wide range of the canting angle, The results indicate that the quantum Hall response will be seen in a wide range of parameters in the variants of the kagome-ice double-exchange models.
